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TL;DR

We devise a sparse GP method for inference, learning, and

maintaining a representation in the sequential data setting.

Key to our method is the use of what we call the dual parameters,

which allow for easy assimilation of new data, a data-focused

learning objective, and the derivation of a new score for picking

important points.

We show that our method can perform well on various sequential

tasks that involve a sparse GP, such as streaming, building batches

in Bayesian optimization/active learning, and continual learning.

Dual Form of the SVGP Solution

The approximate posterior process qu(fi) can be expressed as follows:

Equ(f (·))[fi] = k>ziK−1
zz αu,

Varqu(f (·))[fi] = κii − k>zi

[
K−1

zz − (Kzz + Bu)−1
]
kzi.

The dual parameters are αu and Bu which can be derived as

αu =
∑
i∈D

kzi Equ(f (·))
[
∇fi

log p(yi | fi)
]
,

Bu =
∑
i∈D

kzi Equ(f (·))
[
−∇2

fi
log p(yi | fi)

]
k>zi.

Sequential Inference and Learning

In the sequential setting, we no longer have access to previous data Dold
once we receive new data Dnew. In the dual parameter form, updating our

variational parameters becomes

αu = αold
u + αnew

u and Bu = Bold
u + Bnew

u .

To find αnew
u and Bnew

u , we run an adjusted natural gradient algorithm de-

tailed in [?]. The dual parameters can be viewed as a compact representa-

tion of the data, meaning our posterior approximation can be decomposed

as follows:
q(u) ∝ pθ(u)N(u | ỹ, Σ̃),

where ỹ = KzzBuαu and Σ̃ = KzzB
−1
u Kzz.

Using this formulation, we can derive the dual-based sequential ELBO for

hyperparameters, which crucially includes a memory term:

Lθ
seq = logZ(θ) +

∑
i∈Dnew

Equ(fi;θ)[log p(yi | fi)]− Equ(fi;θ)[log N(u | ỹ, Σ̃)]

+ nold

nM

∑
i∈M

Eq(fi;θ)[log p(yi | fi)].

The memory term lets us trade off compute against how close the sequen-

tial solution will be to the offline batch solution.

Magnetometer

After path 1 After path 2 After path 3 After path 4

Experiment #1: Sequential estimation of magnetic field anomalies in a fixed-size domain

with multiple observation paths

Step #0 Step #5 Step #10 Step #15 Step #20

RMSE: Ours vs. Bui et al., 2017 7.79 vs. 8.31 7.75 vs. 10.9 7.40 vs. 9.90 7.38 vs. 9.79

Experiment #2: Maintaining representation in a sequential setting in an ever-expanding domain

Figure 1: Sequential estimation of anomalies by the proposed method in the local ambient magnetic field

strength (10µT 90µT) as mapped by a small wheeled robot. Two experiments for learning the hyperpa-

rameters and representation: (a) Complete trajectories are received and the model does not have access

to the previous trajectories. (b) Data is received during the exploration of the space requiring the method

to spread out a fixed number of inducing points.
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Figure 2: Bayesian optimization on a lunar landing setup. The goal is to successfully land on the surface

between the flags. Compared against the non-batch solution and a batch solution using parallel Kriging,

the proposed approach achieves higher reward in less function evaluations.
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Magnetometer

After path 1 After path 2 After path 3 After path 4

(a) Experiment #1: Sequential estimation of magnetic field anomalies in a fixed-size domain with multiple observation paths

Step #0 Step #5 Step #10 Step #15 Step #20

RMSE: Ours vs. Bui et al. 7.79 vs. 8.31 7.75 vs. 10.9 7.40 vs. 9.90 7.38 vs. 9.79

(b) Experiment #2: Maintaining representation in a sequential setting in an ever-expanding domain

Figure 5. Sequential estimation of anomalies by the proposed method in the local ambient magnetic field strength (10 µT 90 µT)
as mapped by a small wheeled robot. Two experiments for learning the hyperparameters and representation: (a) Complete trajectories are
received and the model does not have access to the previous trajectories. (b) Data is received during the exploration of the space requiring
the method to spread out a fixed number of inducing points. Each step shows RMSE values comparing our method to Bui et al. (2017).

tion in terms of inducing points and memory. Our method
is able to form a representation by spreading inducing
points and learning the hyperparameters progressively. This
has practical importance in real-world robot estimation
tasks, where the robot is not constrained to a predefined
area (a weakness in Solin et al., 2018). In Fig. 5b, we now
receive data continuously during exploration. The visu-
alization shows the mean estimate with marginal variance
(uncertainty) controlling the opacity. We recover the same
local estimate as in experiment Fig. 5a and outperform the
baseline given by Bui et al. (2017). See details in App. B.3.

4.3. Continual Learning on Split MNIST

Split MNIST (Zenke et al., 2017) is a continual learning
benchmark and a variant of MNIST where training data
comes in five batches of two digits each, i.e. 0 and 1 ,
2 and 3 , . . . , 8 and 9 . Performance is measured by multi-
class classification accuracy on all digits seen thus far. The
model at each step has access only to the current batch of
the classification task and thus should learn incrementally
on different tasks without forgetting previous ones. Fig. 6
compares the accuracy during the training on each task, sub-
divided into batches. Our sequential model does well at
remembering previous tasks (only marginal drops in accu-
racy in each column of Table 2), while the model of Bui
et al. (2017) forgets the previous tasks. We also slightly
outperform Kapoor et al. (2021), for whom compute scales
cubically with the number of tasks and who need an addi-
tional hyperparameter regularization term. Therefore, we
distinguish it from other baselines which do not suffer from
the same complexity with the number of tasks (Table 3).

We include an experiment to show that our BLS is a useful

metric to characterise and determine the difficulty of input
points. We consider continual learning on split MNIST as
before, but now we select data points from our training set
and move them to the test set. Points are chosen either

Table 2. Test accuracy (and standard deviation over different ran-
dom seeds) on split MNIST over all tasks thus far for the proposed
method. High accuracy over all previous tasks shows that the
method does not suffer from forgetting.
Task 0 , 1 2 , 3 4 , 5 6 , 7 8 , 9

#1 .98(.005)
#2 .68(.029) .95(.003)
#3 .88(.005) .87(.004) .98(.002)
#4 .86(.006) .89(.004) .94(.007) .97(.004)
#5 .95(.014) .87(.011) .90(.011) .93(.005) .90(.014)

Ours

Bui et al.
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Figure 6. Accuracy on split MNIST over training with different
random seeds. The training starts with 0 vs. 1 and each task
introduces new digits while testing on all classes thus far. The
overall accuracy (mean over tasks) drops when introducing a new
task, but recovers and does not suffer from forgetting over tasks.
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Accuracy on split MNIST over training with different

random seeds. The training starts with 0 vs. 1 and

each task introduces new digits while testing on all

classes thus far. The overall accuracy (mean over

tasks) drops when introducing a new task, but recov-

ers and does not suffer from forgetting older tasks.

Representation: Memory Selection and Z
The selection of memory and the placement of the inducing points Z de-

fine the representation of the data. We need a memory that reflects previ-

ous data for learning θ and inducing points that provide support through-

out Dold ∪ Dnew.

For memory selection, we derive a new score called the Bayesian leverage

score (BLS),

hRLS
i = a>i

[
AWA> + Kzz)−1

]−1ai,

where A is the projection matrix whose rows are ai = k>z,iK−1
zz , and

W = diag([−∇2
fi

log p(yi | fi)]). The BLS generalises the ridge leverage

score which only applies to Gaussian likelihoods, where W = diag([ 1
σ2]).

The BLS can be seen as example difficulty and we sample memory

points proportional to the BLS score.

For selection of Z, we use a sequential pivoted Cholesky algorithm

which returns M points from the kernel evaluated on [Zold, Xnew].

Experiments

Real world robot estimation of magnetic field

We consider the task of online mapping of local anomalies in the

ambient magnetic field.

We assign a GP prior GP(0, σ2
0 + κMatérn

σ2,` (x, x′)) to the magnetic field

strength over the space under the presence of Gaussian measurement

noise.

Building batches in Bayesian optimization / Active learning

The lunar lander problem is a challenging optimization problem due to

environment stochasticity.

Our method supports an acquisition function that is a product of the

Expected Improvement of the regression model and the predictive

mean of the classification model. In both the models, we make a batch

of fantasy points.

Continual learning split-MNIST

The BLS score helps maintain a compact and efficient representation

by ranking data examples.

Our method handles non-stationary sequential tasks such as

split-MNIST by combining representation learning with a

better-conditioned learning objective and efficient variational updates.
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